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a b s t r a c t
In this paper, the homotopy analysismethod, whose original concept comes from algebraic
topology, is applied to connect the Black–Scholes option price (the good initial guess) to the
option price under general stochastic volatility environment in a recursive manner. We
obtain the homotopy solutions for the European vanilla and barrier options as well as the
relevant convergence conditions.
© 2011 Elsevier Ltd. All rights reserved.
1. Problem formulation
It is well known that the Black–Scholes model [1] is inadequate to describe the asset returns and the observed market
behavior of the relevant options. Particularly, the geometry of the implied volatility surface is flat in the Black–Scholes
model but in reality it is not the case. The so-called smile or skew is observed in option market. The main explanation for
the reason of this discrepancy comes from the constant volatility assumption on the Black–Scholes model. So, many papers
([2,3] for instance) advocate the introduction of stochastic volatility to resolve this issue, particularly, to reproduce the
implied volatility smile.
Throughout the paper, we take a general form of the stochastic volatility model given by a system of the stochastic
differential equations (SDEs)
dSt = rStdt + f (Yt)StdW st , (1)
dYt = [α(t, Yt)− β(t, Yt)Λ(Yt)] dt + β(t, Yt)dW yt , (2)
under the price probability space (Ω,F ,Q ) equippedwith a filtration (Ft)t∈[0,T ]which is generated byWiener processesW st
andW yt with correlated coefficient ρ. Here, r (interest rate) is a constant and α(t, y) and β(t, y) are functions on [0,∞)×R.
Λ(y) represents themarket price of risk (for some financial reason) and depends on only the Novikov condition of Girsanov’s
theorem [4].
Note that the particular choice of α(t, y) and β(t, y) gives the known models. For example, α(t, y) = 0 = β(t, y)
corresponds to the Black–Scholes model. If f (y) = √y, α(t, y) = m− cy and β(t, y) = √y for some constantsm and c , then
it becomes the model [2]. If α(t, y) = 1
ϵ
(m − y) and β(t, y) = c for small parameter ϵ, it is a stochastic volatility model
developed by [3].
By the Feynman–Kac formula the European option price defined by the conditional expectation
P(t, s, y) = EQ e−r(T−t)h(ST )|St = s, Yt = y (3)
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is changed into the following partial differential equation (PDE) after the change of variable x = ln s:
(L1 +L2)P(t, x, y) = 0, 0 < t < T ,
L1 := (α(t, y)− β(t, y)Λ(y)) ∂
∂y
+ 1
2
β2(t, y)
∂2
∂y2
+ ρβ(t, y)f (y) ∂
2
∂x∂y
,
L2 := ∂
∂t
+ r

∂
∂x
− •

+ 1
2
f 2(y)

∂2
∂x2
− ∂
∂x
 (4)
with the final condition P(T , x, y) = h(x). For example, the European put option’s payoff function h(x) is given by (K − ex)+.
2. Option pricing
In this section, we use the concept homotopy that was first used by Liao [5] to develop an analytic method for the
nonlinearODE andPDEproblems, namely the homotopy analysismethod. As the name itself suggests, the homotopy analysis
method was motivated by the concept of homotopy that was originally proposed by Jules Henri Poincare (1854–1912) in
algebraic topology [6]. The method is one of analytical tools such that the solution is expressed as a series expansion which
makes life easy from the computation point of view and it is also independent of assumption of small or large parameters
so that it has a wide range of applications [7–10]. Furthermore, one does not have to specify the form of stochastic volatility
to implement the method in option pricing. This advantage is the main motivation in this paper for us to use the homotopy
method for pricing options in general stochastic volatility environment where usually complicated issues of computing are
involved.
2.1. Vanilla option
First, we apply the homotopy method to the European vanilla option but under stochastic volatility environment given
by the general form of (1)–(2). The homotopy method requires a good initial guess. This is one difficulty of utilizing the
homotopy analysis method. However, in option pricing under stochastic volatility, one can take the good initial guess from
the constant volatility Black–Scholes formula.
Theorem 2.1. Under the stochastic volatility environment (1)–(2), let the European vanilla put option price P(t, s, y) be
represented as P(t, s, y) =∑∞n=0 Pn(t, s, y) with P0(t, s, y) (the initial guess) given by
P0(t, s, y) = −sN(−d1)+ Ke−r(T−t)N(−d2),
d1,2 := ln(s/K)+ (r ±
1
2 f
2(y))(T − t)
f (y)
√
T − t ,
N(z) := 1√
2π
∫ z
−∞
e−ξ
2/2dξ .
Then in terms of θ(y) = 2r
f 2(y)
each Pn(t, s, y), n = 1, 2, . . . , is recursively given by
Pn(t, s, y) = pn(t, ln s, y)
φ(T − t, ln s, y) ,
pn(t, x, y) :=
∫ ∞
−∞
∫ T
t
p˜n(τ , ξ , y)
2π f 2(y)(T − τ) e
− (x−ξ)2
2f 2(y)(T−τ) dτ dξ,
p˜n(t, x, y) := φ(T − t, x, y)L1Pn−1,
φ(t, x, y) := e 12 (θ(y)−1)x+ 18 f 2(y)(θ(y)+1)2t .
Proof. We construct a homotopy of the PDE (4) given by
H(t, x, y, p) := (1− p)(L2V (t, x, y, p)−L2V0(t, x, y))+ p(L1 +L2)V (t, x, y, p) = 0 (5)
with the final condition V (T , x, y, p) = h(x) = (K − ex)+, where p ∈ [0, 1] and V0(t, x, y) = V (t, x, y, 0). Here, the initial
guess V0 is chosen to be the Black–Scholes option price with the variable x = ln s and volatility f (y) so that V0(t, x, y) is the
same as P0(t, s, y) in the theorem. Then (5) becomes
H(t, x, y, p) = L2V + pL1V = 0. (6)
Now,we apply the homotopy analysismethod here. Considering the Taylor formula forV (t, x, y, p)with respect to p = 0,
let
V (t, x, y, p) =
∞−
n=0
pnVn(t, x, y), (7)
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where Vn denotes the Taylor coefficient. Then (4), (5) and (7) lead to
P(t, x, y) = lim
p→1 V (t, x, y, p) =
∞−
n=0
Vn(t, x, y). (8)
Wewill show that Pn(t, s, y) is given by Vn(t, x, y) after changing back to the original variable s from x. First, plugging (7)
into (6) yields a hierarchy of the PDEs
L2Vn +L1Vn−1 = 0 (9)
with the final condition Vn(T , x, y) = 0 for all n = 1, 2, . . . . SinceL2 does not contain partial derivatives with respect to y,
one can regard the y variable as a fixed constant when one solves (9). We then transform Vn(t, x, y) into vn(t, x, y) by
vn(t, x, y) = φ(T − t, x, y)Vn(t, x, y).
Then, in terms of the new dependent variable vn(t, x, y) and the independent variable τ := T − t , (9) becomes
∂vn
∂τ
− 1
2
f 2(y)
∂2vn
∂x2
= φ(τ , x, y)L1Vn−1(T − τ , x, y)
with the initial condition vn(0, x, y) = 0. This is a nonhomogeneous diffusion equation whose solution can be obtained as
in [11]. Once the solution vn(t, x, y) is obtained, the theorem follows immediately. 
2.2. Barrier option
As one of exotic options, barrier option is a type of contingent claim in which the option to exercise depends upon the
underlying asset price reaching a given barrier level. This exotic option was created to provide the insurance value of an
option without charging as much as premium in regular vanilla options. Among several types of barrier option, we deal
with the up-and-out call option in this paper. The other type of options can produce similar results in the same way.
If the underlying asset price St crosses above theupper barrier, sayB, then the value of the up-and-out call option vanishes.
To express the value of the up-and-out call option, we define the process S⋆t = maxu≤t Su. Then the up-and-out call option
price, denoted by Cb(t, s, y) at time t ∈ [0, T ] for St = s and Yt = y, is given by the conditional expectation
Cb(t, s, y) = EQ [e−r(T−t)(ST − K)+1{S⋆t <B}|St = s, Yt = y], (10)
Using the Feynman–Kac formula and the change of variables x = ln s, one can transform the integral problem (10) into the
PDE problem
(L1 +L2)Cb(t, x, y) = 0, 0 < t < T , x < ln B,
Cb(T , x, y) = (ex − K)+,
Cb(t, ln B, y) = 0,
(11)
where the operatorsL1 andL2 are given by (4).
Theorem 2.2. Under the stochastic volatility environment (1)–(2), let the European up-and-out call option price Cb(t, s, y) be
represented as
Cb(t, s, y) =
∞−
n=0
Cbn (t, s, y)
with Cb0 (t, s, y) (the initial guess) is given by
Cb0 = (
s
K
){N(d1)− N(d3)− b (N(d6)− N(d8))} − e−r(T−t){N(d2)− N(d4)− a (N(d5)− N(d7))},
where
d1,2 := ln(
s
K )+ (r ± 12 f 2(y))(T − t)
f (y)
√
T − t ,
d3,4 := ln(
s
B )+ (r ± 12 f 2(y))(T − t)
f (y)
√
T − t ,
d5,6 := ln(
s
B )− (r ∓ 12 f 2(y))(T − t)
f (y)
√
T − t ,
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d7,8 :=
ln( sK
B2
)− (r ∓ 12 f 2(y))(T − t)
f (y)
√
T − t ,
a :=

B
s
−1+ 2r
f 2(y)
, b :=

B
s
1+ 2r
f 2(y)
.
Then each Cbn (t, s, y), n = 1, 2, . . . , is recursively given by
Cbn (t, s, y) =
cn(t, ln s, y)
φ(T − t, ln s, y) ,
cn(t, x, y) :=
∫ T
t
∫ ln B
−∞
c˜n(τ , ξ , y)
2πσ 2(T − τ)

e
− (2 ln B−x−ξ)2
2σ2(T−τ) − e−
(x−ξ)2
2σ2(T−τ)

dξ dτ ,
c˜n(t, x, y) := φ(T − t, x, y)L1Cbn−1(t, x, y).
Proof. As in the proof for the European vanilla option, we construct a homotopy of the PDE (11) given by (5) with the final
condition V (T , x, y, p) = (ex−K)+ and the boundary condition V (t, ln B, y, p) = 0. Here, the initial guess V0 is chosen to be
the Black–Scholes up-and-out call option price Cb0 . Applying the homotopy analysis method as in the proof of Theorem 2.1,
we obtain
Cb(t, s, y) = lim
p→1 V (t, x, y, p) =
∞−
n=0
Vn(t, x, y),
where Vn(t, x, y), n = 1, 2, . . . , is recursively given by the PDE problem
L2Vn +L1Vn−1 = 0, 0 < t < T , x < ln B,
Vn(T , x, y) = 0,
Vn(t, ln B, y) = 0.
This is a Black–Scholes PDE with a nonhomogeneous term whose solution can be obtained without difficulty after some
change of variables [11]. Once the solution Vn(t, x, y) is obtained, the theorem follows immediately. 
3. Convergence
As in the proof of Theorem 2.1, the European vanilla put option price in the stochastic volatility environment was given
by the series
P(t, s, y) = lim
p→1 V (t, x, y, p) =
∞−
n=0
Pn(t, x, y) (12)
for which we prove the following convergence condition. From now on we use the notation
Dku = ∂
|k|u
∂xk1∂yk2
, k = (k1, k2), |k| = k1 + k2 ≤ 2,
‖u‖ = sup
t,x,y
|u(t, x, y)|.
Theorem 3.1. Let the functions f , α, β and γ satisfy the condition that there exist a bounded and positive function λ and a
constant κ ∈ (0, 1) such that for all t ∈ [0, T ] and x, y ∈ (−∞,∞)
|DkPn(t, x, y)| ≤ λ(y)|Pn(t, x, y)|, |k| ≤ 2, (13)
γ 2(y) ≤ κ
2
4T 2λ2(y)β2(t, y)
− α
2(t, y)
β2(t, y)
− β2(t, y)−

f (y)+ µ− r
f (y)
2
. (14)
Then the series (12) converges absolutely to the European vanilla put option price.
Proof. From (4), (13) and (14) we have
|L1Pn|2 =
α ∂Pn∂y + β2 ∂2Pn∂y2 + βΛ∂Pn∂y + βρf ∂2Pn∂x∂y
2
≤ 4λ2(α2 + β4 + β2Λ2 + β2ρ2f 2)|Pn|2
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≤ 4λ2

β2γ 2 + α2 + β4 + β2

f + µ− r
f
2
|Pn|2
≤ κ
2
T 2
|Pn|2.
so that we obtain the inequality
‖φL1Pn‖ ≤ κT ‖φPn‖. (15)
From the definition of pn given in Theorem 2.1 we have
|pn(t, x, y)| ≤
∫ ∞
−∞
∫ T
t
|p˜n(T − τ , ξ, y)|
2π f 2(y)(T − τ) e
− (x−ξ)2
2f 2(y)(T−τ) dτ dξ ≤ T‖p˜n‖. (16)
From the definition of p˜n given in Theorem 2.1 and the inequality (15) we have
‖p˜n‖ = ‖φL1Pn−1‖ ≤ κT ‖pn−1‖. (17)
Combining (16) and (17) we obtain ‖pn‖ ≤ κ‖pn−1‖ so that∑ ‖pn‖ converges. Then the series (12) converges absolutely
due to the inequality
∑∞
n=0 |Pn| ≤ 1|φ|
∑∞
n=0 ‖pn‖. 
4. Conclusion
The homotopy analysis method used in this paper provides a simple analytic method for pricing options under general
stochastic volatility environment. The price is given by an infinite series whose value can be determined once the initial
term is givenwell. The option price can be computed effectively by combining the already known initial term,which is given
by the constant volatility Black–Scholes formula, and the recursive relation that we have accomplished in this paper. The
convergence condition is provided for mathematical rigor. In view of financial applications, particularly, the exotic options
are interesting cases. In this regard this paper leaves us future work on more clear demonstration of the substantial value
of our formulas.
Acknowledgments
This work was supported by the Ministry of Knowledge Economy and Korea Institute for Advancement in Technology
through the Workforce Development Program in Strategic Technology.
References
[1] F. Black, M. Scholes, The pricing of options and corporate liabilities, J. Polit. Economy 81 (1973) 637–659.
[2] S. Heston, A closed-form solution for options with stochastic volatility with applications to bond and currency options, Rev. Finan. Stud. 6 (1993)
327–343.
[3] J.-P. Fouque, G. Papanicolaou, R. Sircar, Derivatives in Financial Markets with Stochastic Volatility, Cambridge University Press, 2000.
[4] B. Oksendal, Stochastic Differential Equations, Springer, New York, 2003.
[5] S.J. Liao, The proposed homotopy analysis technique for the solution of nonlinear problems, Ph.D. Thesis, Shanghai Jiao Tong University, 1992.
[6] A. Dold, Lectures on Algebraic Topology, Springer, 1972.
[7] S.J. Liao, Numerically solving non-linear problems by homotopy analysis method, Comput. Mech. 20 (1997) 530–540.
[8] S.J. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis Method, Chapman & Hall CRC Press, Boca Raton, 2003.
[9] S.-P. Zhu, An exact and explicit solution for the valuation of american put option, Quant. Finance 6 (2006) 229–242.
[10] J. Cheng, S.P. Zhu, S.J. Liao, An explicit series approximation to the optimal exercise boundary of American put options, Commun. Nonlinear Sci. Numer.
Simul. 15 (2010) 1148–1158.
[11] S.-H. Park, J.-H. Kim, Asymptotic option pricing under the CEV diffusion, J. Math. Anal. Appl. 375 (2011) 490–501.
